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The association of a molecule onto a specified binding site on a large chainlike macromolecule is described in the “sliding”
madel, where the molecule is allowed to move along the chain in a one-dimensional diffusion which is coupled to the three-
dimensional diffusion in solution. The present work extends a previous one by treating the chains more geverally as coiled in-
stead of straight. The model is applied to the lac repressor—operator association. A general expression for the rate of unspe-
cific attachment to a chaindike macromolecule is also derived.

1. introduction

The so-called “sliding” model has been used to de-
scribe the association of 2 molecule onio 2 specific site
on a large chain-like macromolecule. In this model the
molecule is allowed to associate unspecifically to any
site on the chain, and then slide along the chainin a
one-dimensional diffusion until it either finds its specif-
ic site or falls off, only to be reassociated to the chain
somewhere else to try anew. This way of fascilitating
the search for a specified site can greatly enhance the
association rate to an extent that is determined by the
strength of the unspecific binding and the one-dimen-
sional mobility. The model was first applied by Richter
and Eigen {1] in particular to explain the high associa-
tion rate of the lac repressor onto its specific site, the
aperator, on a large DNA molecule.

In a previous paper [2] we treated this model under

the simplifying assumptions that the chains were straight,

and distributed in a regular manner in solution. The in-
fluence on the result of these rather unsatisfactory as-
sumptions was difficult to assess. In this paper it is
shown that this influence is surprisingly small. By a
slight revision of the previous calculations, the model
has been extended to the case of coiled chains. This ex-
tension is important as it gives results of general validity;

also it shows how the methods of the very idealized sys-
tem can be used to treat the complex case. Each chain
is assumed fo be coiled up in 2 limited and separate
region. This is evidently the case for the low DNA con-
centirations that have been used for the determination
of the associztion rate of the izc repressor and operator
31.

In the following we shall walic sbout repressor, oper-
ator and DNA chain, though the modei is not limited
to this case. Other DNA-binding proteins can be expec-
ted to behave in a similar manner, ie. RNA polymerase,
restriction endonucleases etc. in section Z the particulars
of the model are explained. The caicuiations rely neces-
sarily on our previous work and are nct 2xplained in de-
tail. The association rate to the specific site is derived
and discussed in section 3 together with some properties
of the unspecific association. In sectics 4 the general
association rate onto a coiled macromeciecule is deter-
miined with a simple method. Finally, the conclusions
regarding the lac system are discussed in section 5.

2. The model

Introduce a coordinate = along the length 2L of the
DNA chain, —£ <z <L. Let the repressor move along
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the chain with the diffusion constant D when it is un-
specifically bound, and dissociate from the chain with
the rate X per second. Assume that the operator is sit-
uated at z = 0 in the middle of the chain. Then, for
symmetry reasons it suffices to consider only one half,
0 <z <L, of the chain. Let u{z, 7} be the probability
density of finding the repressor at the point z on the
chain at time 7. [t was shown [2] that the diffusion
equation along the chain can be expressed quite gener-
ally as

dujar= D, %ulaz2 —2u
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F(z,z', t—t") expresses the probability of return to the
chain at z for a repressor that dissociated from z’ t~¢
seconds earlier. G{z, r} is the first arrival of the repres-
sor to the chain and will in general be independent of

z. Eq. (1) is quite general, the particulars of the assump-

tions about the spatial organization of the chains will
enter in the specific choices of Fand G.

In contrast to our previous treatment we will now
consider an inhomogeneous chain distribution. Assume
each chain (length 22) coiled up into an approximately
spherical region with the radius 7,. If there are n,
chains per cm3, each can be considered alune and inde-
pendent of the others in a volume ng‘ cm?. (The use-
fulness and limitations of this “closed cell™ approach
are discussed in [2].) This volume can be taken as
spherical with the radius R, fig. 1.

Fig. 1. The two spherical regions described i the text.

Fig. 2. The imaginary cylinder that follows the chain and fills
the inner sphere of fig, 1.

$aR3 = 1/ng. )

Construct a cylinder around the chain such that it fills
the inner sphere, fig. 2. This eylinder will on the aver-
age have the radius R defined by

mLR? = %ﬂrg. o)

In the internal zcoordinate the DNA chain can be pic-
tured as straight. As DNA has a persistance length of
1073 cm and no sharp turns, the cylinder of fig. 2 can
also well be pictured as straight and circular with the
DNA chain at its center, fig. 3. Let this chain have the
radius b equal to the reaction radius for the encounter
between the DNA and the repressor.

In ref. [2] a similar cylinder was consideredas a
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Fig. 3. The chain and the imaginary cylinder as pictured in the
internal zcoordinate aglong the chain.
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closed system which introduced artificial correlations
along the chain. Here we shall treat the cylinder as open,
and in particular take into account that 2 repressor dif-
fusing across the cylinder wall will lose its correlations,
and enter a region with an entirely different z-coordi-
nate (fig. 2), or even leave the cylinder altogether.

Thea ratiirn nrohahilitvy Faofaa 1Y can he calculated
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by considering the diffusion of the repressor in the cyl-
inder just as was done previously [2]; only now we
shall separate all cases where the repressor has crossed
the cylinder wall and thereby lost its z-coordinate. This
can be done by using an absorbing boundary condition
at the wail and effectively removing all those repressors
that cross. Particie conservation is achieved by rein-
troducing them with an unspecified z-coordinate; the
function ¥(r) below. The pravious calculations [2] can
be followed step by step after the replacement of eq.
(3.11) with the absorbing boundary condition. Again
the Laplace transformation simplifies the calculations.
The Laplace transform f(5) of 2 function f(r) is defined
as

Fsy=J e treyae.
o

X cos(anz /L) cos(nuz/L), @

where @ is an expression involving modified Bessel
functions

X {Ka (gR) [klg(qb) - ‘!I; (ab)]
— I, @R)kK y(qb) + &  (qB)] 172, )
a=(G/Dy"2.

The parameter ¢ of ref. [{2] is taken = b without loss
of generality. As before, D is the regular diffusion con-
stant for the repiessor in solution and & is a parameter
such that 2aDbk is the reaction rate per unit fength of

P, . P Pam 3T L ar

the chain for 2 homogensous disiribution of repressors

{cf. ea.(36)] . The undetermined function U(s) is the
return to the chain of those repressors that crossed the
cylinder walis; they have to return sometime but with-
outa speciﬁed 7«:ocmiinate.
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version of eq. (1), one finds the probability flux of th
repressor into the operator
B(s) = D, (Bu/Bz)z,_O

=LGG) |1 + 2{A[1 — F(s) ~ PAsH] + s} ®)

-1

X a {Dyn 252 /L2 s+ A {1 ~B(s+Dn> 2/L2)]}"1}

This expression differs from our previous result only in

the explicit form of the functions £ and 3 and in tha
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insertion of the extra temm ¥.1n principle there remains’
to determine & and y, which must be quite complicated.
As will be shown in the next section, they do not have
to be known explicitly if we are only interested in the
mean tirne of arrival.

3. The rate of association

The following relations hold

3©)=lim [ o= [ w@)de=1, N
= 0 0
d(0)=1im .,5’ =lim % [ esto(yar
s~0 0 &5
r . -
=— | ®()dr= -, (8)
0
where 7 is the mean time of association. Eq. (7) holds

under the assumption that there is one repressor per
operator and implies that the repressor eventually will
be bound to the operator. In the same way also

LG(O)=1, ©
F(0) + J(©O)=1. (10
Eq. (9) implies that the first unspecific association will
certainly take place, and eq. (10) implies that the re-
pressor will certainly return after a dissociation from
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to be a sum of mean times on the general form

7=—LG'(0) + N[—&'(0) — ¥'(0)] +N/A

=T FNTH ¥ N7,

an

The number N can be interpreted as the mean number
of unspecific dissociations before the final association
to the aperatar.

~ 22
.2
; 1 Dn?m? (L2 + |1 — B(Dn*a?/L?)] 42

The mean time for the first unspecific association, 7; =
~LG {0), will be determined in the following section.
In general it is much smaller than the other contribu-
tions to 7, and to a good approximation it can be ne-
gected. 73 = I/A is the mean time the repressor stays
unspecifically bound to the chain each time it is bound.
7, = ~F(0) — '(0) is the mean time the repressor is
free in solution between two subsequent associations.
It can be determined without explicit knowiedge of v
in the following manner.

We showed previously [2] that the unspecific dis-
saciation constant K per unit length of the chain can
be expressed as

K, =nyrylry = N4nLDbk  [units om™], (13)

where 1 is the concentration of chains. The first part
of eq. (13) is by definition; K /n, is the ratio of the
probabilities of finding the repressor in solution and un-
specifically bound. This must be equal to the ratio of
the mean times the repressor spends in the respective
ways.

The equilibrium constant K_ must, however, be in-
dependent of the spatial configuration of the chains.
As 73 = 1/X obviously is independent of chain configu-
ration, also 7 has to be the same as our previous result,
1L.C.

Ty =1 /4nLDbkn0. (14)

It is noteworthy that 7, is completely independent
of the diffusion; by the definition of the parameter &,
7, is just the mean time of unspecific association ia the
reaction limited case, i-e. when the diffusion is infinitly
fast {cf. eq. (36)] . This is in complete agreement with
the discussion of the equilibrium constant, but perhaps
a little unexpected in view of the complicated diffusion-
al process that is actually involved.

Hence, the total mean time of eq. (11) is

T=N(1 +:10/Kc)/47rLDbkno. (15)

This expression is formally the same as our previous
result; so is the expression for N of eq. (12). What is
different is the expression for & of eq. (5), which enters
the result through N. Also the artificial cylinder radius,
R, is quite different. Under quite general conditions
(see appendix) /V can be approximated as

N = L{{bk In(R/b) + 11N/D,}}/2. (16)

Hence, the total association rate is (expressed in cm3/s)

E = __I_ 47Dbk

2 ”07':(1 + no /K ) {[bk In(R/b) + L]A/D, }”’(

7)

The factor In(R/b) + I is a measure of the correla-
tions along the chain. It takes a more general form if
we introduce the volumes V' = 2= 3-7:7'3 which is
the volume the coiled chain occupies in solu&on, and
v ="27Lb? which is the real volume of the chain. Then
the correlation factor can be expressed without the ar-
tificiat cylinder radius R:

bk In(R/b) + 1 = £bk In(V/v) + 1.

If the repressor does not remember from which part of
the chain it comes after each dissociation, the correla-
tion factor will be just 1; this also corresponds to the
case when the unspecific association is strongly reaction
controiled, bk In(¥fv) <€ 1. For a diffusion controlled
unspecific association bk In(V/v) > 1.

In units that are more convenient for the experimental
data the DNA concentratmn can be expressed as D, =
2Lng X 3 X 1078 g/cm3 and the unspecific dlSSOCla-
tion constant Kgp =2LK; X 3 X 10-8 pg/cm3 (if DNA
weighs 3 X 10-8 pg per cm of its length). When the
unspecific association is diffusion limited, eq. (17) gives

L 167DD, X 3 X 10'3]“2
5 T T3 D R | Kp n(V70) :

The exact form of the association rate of eq. (17) is
dependent on the approximations in the appendix. For
the lac repressor—operator association they are justified,
but for oiher systems the full expression for &/ might be
needed.
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4. The rate of unspecific association

Consider again fig. 1. Let the repressor start with
equal probability at any point in the sphere 0<r<R,
at time zexo. Let e(r, t) be the probability distribution
for the repressor at later times. This will obey the dif-
fusion equation

dcfdr=DV?e —k ne, O<r<r,; (18)
=DV, r, <r<Rg, (19)

with the initial condition
c{r,0)= o= 3[417Rg, 0
and the boundary conditions
@cfor),_p =0, @
@c/or), ret0 = (@c/ar), rg-0°

e(r, 0,0 =c(r, — 0,0 (22)

In eq. (18) n is the concentration of the chain in the
inner region, i.e. (if it is expressed in cm™>)

n= 3/419'3 23)

and &, is the unspecific association rate in this region.
The boundary condition (21) is the “closed cell” ap-
proach discussed earlier [2], and (22) is just the condi-
tion of continuity. As we are only interested in the first
arrival the dissociation from the chain does not have to
be included. The flow of arrival is

Ro
o(0)=— [ 4nr’@cfon) ar, (24)
0
with the Laplace transform
Ro
3@=—[ an’lse.5)—c,) dr. (25)
1]

This is the same ang'(s) of the previous sections. Hence,
the mean time of the first arrival is
Ro
7 =-83'©)= [ am’d,0)dr.
0

(26)

Thus, only the limit s — 0 is needed. Letting s - 0 in
the Laplace transfomm of the diffusion equations (18)

and (19) considerably simplifies their solution with the
boundary conditions. One finds

"o P (7) ]

dric, R r,\ 12
* 91)0”2[1”(&&)] 0 @7
r, 0 urgeoth(ur,) —
where p is defined as
=k /DY (28)

The expression for 7, does not appear very enticing but
its limiting cases are simple and important.

k___has been derived for the homaogeneous case [2}
(eq. (4.11) of ref. {2] by mistake contains the diffusion
limited approximation &% In(¥V/v) 3 1, which was not
introduced until eq. (5.1)):

ko = 4nLDbk [[bk In(Vfuv) + 11. 9)
If ry > Ry in eq. (27) one gets
7y = Uk, = Uk . (30)

which is the result for a homogeneous distribution of
the chains. If the chains are strongly iocalized, Ry > T
one gets

1 3D ry yrgcoth(prg)-—l :

For a diffusion limited reaction, bk In(Vfv) > 1 and
(;u—g)2 =z L/rg > 1 and 7, of eq. (31)
Ty =R}(3Dr, = 1/AnDr n, G2
which is just the mean time {0 reach the inner region.
To check the consistency of expression {3 1) we also in-
vestigate the strongly reaction limited case when pr,< 1.
Then

RIMbk In(Vp)+ 1] R3
3DLbk " 3DLbK’

~_R
=~ ==
Drg(prg)

The total unspecific association rate for ry KR, IS

7y (33)

L
ky S——=4aDr |1+

1 ]"1
—_—— ] 3G
nyTy g wgcoth(prg}— 1
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which in the diffusion limited case becomes

ky =4muDr,, (35)
and in the strongly reaction limited case
k , =4aDLbk. (36)

Eq. (35) is the traditional von Smoluchowski result for
the association rate onto a sphere and eq. (36) is also
the expected result in view of the definition of the pa-
rameter k [2]. Eg. (34), however, contains the informa-
tion about the spatial arrangement of the chain.

5.Discussion and application to the lac system

If the unspecific association is assumed to be diffu-
sion limited, &% In{¥/v) > 1, the same identification of
the parameters for the lac repressor—operator associa-
tion can be made as previously [2]. The only difference
will be in the estimate of the cne-dimensional diffusion
constant D, , which will be a factor 3In(¥V/v)/
[In(2L/7b)}~0.577] smaller. With the size of the coil
¥ =0.5 X 10712 cm3 [3] and the other data as before
[2], it will be about half. This confirms our guess that
the influence of a coiled chain would be small, but to
what extent was not obvious. If this model is applied
to other systems, however, the differences ¢ould be im-
portant. It is not the coiling per se that increases the
association rate; rather it is the removal of the artificial
correlations along the chain which were inherent in our
previous treatment. Thus, this result is quite different
from the transfer model as proposed by von Hippel et
al, [3] which has coiling and chain movement as essen-
tial prerequisites for the association mechanism.

The present result clearly distinguishes the reaction
limited and the diffusion limited cases. If the unspecific
association is reaction limited, bk In(¥V/v) < 1, we will
be left with an extra parameter, bk, which cannot be
determined without actual knowledge of the rate of un-
specific association. This limiting case could very well
be dominant in the high concentrations of a cell.

Regarding the first unspecific association, the experi-
mental conditions for the lac repressor-operator associa-
tion leads to the dominance of the strongly diffusion
limited case, eq. (32). This would give 7y of the order
of one second, which is much smaller than the total
mean time Of association.

All calculations above have been made under the

tacit assumption that the coils themselves are faidy ho-
mogeneous. As a strongly localized coil by itself do=s
not create any large differences, there is no reason to
believe that inhomogeneities in the coil will be impor-
tant unless they involve stationary structures. A DNA
chain in solution has a gaussian density distribution
which can quite well be approximated as a localized
homogeneous density with a cut-off radius.

The trick of considering each DNA chain as inde-
pendent of the others in a closed volume (i.e. the
spherical region 0 <r <R;), and deriving the associa-
tion rate from this case (the “closed cell” approach)
was discussed at length in ref, {2]. The approach will
be good, in principle, whenever the reaction can be de-
scribed by a bimolecular reaction rate.

The result relies heavily on the fact that the unspe-
cific equilibrium constant K _ is independent of the
chain distribution. This must be so as there can be no
inhomogeneity in the repressor concentration in equi-
librium, and consequently the repressor cannot “feel”
the chain configuration. Only if the chain is folded so
tightly as to virtually seal off certain parts from assacia-
tion would there be differences.
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N 2
n=1D n?m2[L? +\[1 — FOn?*/L2)]

where

EDrPw? [L?) = [K ()4 (nB) — I (na)K o (nB)]
X {K (o)l (nB) — (n/bK)E (nB))
— Iy(ne))[K o B) + (nBfok K, ()] 11,

a=aR/L, B=abjL.

If b <R <L and terms of order (n8)? = (mrb/L)?' and
higher are excluded in the expansion of the Bessel func-
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tions, one finds

X coth {AL%/D, [k In(R/b) + 1]}/
1 -3 {bkIn(R/B)+ 1

~ bk In(Rfb) - 1 ~ L{[5k In(R/b) + 11N/D}1.

" ~1
~ bR [K((ne){Ly(re) + In(reef2) + 4137, The last approximation is under the assumption that
where v = 0.577... is Eulers constant. The expressionin =~ &> 1. 1 — Jis a slowly varying function of n. For larger

square brackets can also be written as # it goes over into the previously used approximation
- 21:
(24, (e} :Z}i Iy (neft 1 — @~ {Bk[InQL{7B) — v — In@m)] + 1)1,

and is of the order (n0)® = (naR/L)%. As long as the
sum is dominated by the terms for which n <L/R it References
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